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obtained  in  this  cane.  Under  these  same  circumstances  hie 
method  for  planetary  orbits  is  also  inapplicable.  However, 
he  concludes  that  there  is  a  fundamental  distinction  between 
these  two  cases.  Whereas  in  the  elliptic  orbit  the  problem 
is  "nntura  sua"  indeterminate  the  parabolic  case  adraits  of  a 
solution,  though  not  by  the  usual  method* 

Later  in  his  "Theoria  Motus"  published  in  1809, 
Gauss  speaks  again  of  the  case  where  the  ajiparent  path  of  the 
planet  passes  through  the  middle  position  of  the  sun  #3  being 
absolutely  indeterminate  for  elliptic  orbits.  Another  abso- 
lutely indeterminate  case  is  the  one  where  the  first  aid  third 
geocentric  places  coincide.  As  distinguished  from  these  two 
he  speaks  of  one  case  v/here  he  believed  the  indetenainateness 

was  due  to  the  method  alone  ond  therefore  a  result  could  be 

i 

obtained  by  a  suitable  transformation.  This  is  the  case  where 
any  one  of  the  three  geocentric  places  coincides  either  with 
the  corresponding  heliocentric  place  of  the  earth  or  with  the 
opposite  point. 

He  shows  that  two  apparently  indeterminate  cases  can 
be  avoided  by  proper  manipulation  of  the  formulae.  These  are 
the  cases  where  the  first  and  third  geocentric  places  lie  on 
the  same  great  circle  as  either  the  first  or  the  third  helio- 
centric position  of  the  earth. 

In  his  paper  "Uber  die  Bestimmung  der  Bahn  eines 
Himmelkorper"  published  ir  1863  Hansen  has  an  interesting  dis- 
cussion concerning  the  great  circle  case.  He  develops  the 
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equati  on 


p.'  is  the  projected  geocentric  distance  at  the  middle 
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date 
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K  "",,4^  l«i-  **)  -t*/3»  >"  K  -^.    f 
Hansen  states  thnt  from  this  equation  it  is  apparent,   since 

p'  must  "be  a  positive  finite  (yiantity,   that  C  and  K  must  have 
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opposite  signs  if  TZ/KZ  &n&  the  same  sigr.s  if  TgRg,  It  shows 
further  that  tho  condition  K  =  0  carries  with  it  the  conclusion 
C  «  0,  excex)t  for  the  case  rg~Ro.  When  K  »  0  the  three  con- 
secutive infinitesimal  elements  of  the  geocentric  path  lie  in 
a  great  circle  and  ?/hen  C  =  0  the  corresponding  position  of 
the  sun  lies  on  this  same  great  circle, 

He  continues:  If  now  we  go  a  step  further  and  take 
the  time  intervals  as  still  small  "but  finite  quantities  the 
state  of  affairs  changes.   The  equation  above  has  heen  derived 
by  .  egleoting  quantities  of  the  sixth  order  for  unequal  time 
intervals  f<  the  seventh  for  equal.  This  is  not  always  possible 
and  when  the  equation  no  longer  holds  we  can  no  longer  draw 
the  same  conclusions  regarding  the  relationships  between  C  and 
K«  Only  this  much  is  sure  -  with  very  small  time  intervals  a 
very  small  value  of  Kt  or  the  value  K  =  0,  will  imply  in  gen- 
eral a  Braall  value  of  C,  but  if  the  time  intervals  are  not 
small  G  con  even  reach  itr>  maximum  while  K  is  very  small  or 
even  zero.   It  is  then  necessary  to  return  to  the  original 
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equations  which  do  not  neglect  the  oraall  quantities  mentioned 

above, 
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But  we  already  had  P  —  7^  .'.  /M  "  ~vT      or  tho  ratios  of 

b 

the  t  riangles  are  identical. 

The  equation  for  p0  reduces  to  the  identity  0  «  0  in 

c> 

the  case  where  the  tvo  outer  positions  coincide.   In  regard 
to  the  case  where  the  middle  position  is  in  opposition  or  con- 
Junction  and  also  in  the  ecliptic  Hansen  states  that  the  problem 
oan  "be  solved  "but  the  value  of  r2  is  given  "by  the  quotient  of 
terms  of  so  high  an  order  that  it  will  "be  greatly  affected  "by 
the  errors  of  observation.  This  is  also  true,  though  to  a  less 
degree,  if  either  the  first  or  third  observation  fulfills  the 
same  conditions. 

Oppolzer  puts  a  different  emphasis  on  the  conclusion 
in  regard  to  great  circle  motion.  Since  r  oan  never  equal  R 
in  the  case  of  the  minor  planets  and  since  either  this  condition 
must  hold  or  the  condition  that  the  sun  lies  on  the  same  great 
circle,  which  affords  an  indeterminate  case,  he  draws  the  con- 
clusion that  in  general  tho  determination  of  the  orbit  problem 
becomes  impossible  when  the  three  positions  lie  in  the  same 
great  circle  and  is  very  uncertain  when  this  is  nearly  the  case. 
It  would  then  be  necessary  to  take  four  observations. 

It  would  be  v;ell  to  point  out  at  this  time  that 
Oppoljser1^  conclusion  is  certainly  not  valid  in  the  case  of 
comets  as  there  great  circle  motion  is  fully  determinate. 

Watson  in  his  Theoretical  Astronomy  (1868)  gives 
little  that  is  new.   The  sane  tro  i/  determinate  oases  are 
discussed  briefly.  He  shows  how  several  cases  which  might 
at  first  appear  indeterminate  can  be  avoided  by  a  suitable 
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transformation  of  *<}uatior.B«     &?&'*>?,  those  oaaee  nro  the  fol- 
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(1)  When  the  planet  or  oonet  at  •?  of  the 

Ullo  observation  5.  B  ;  oar  "both  itn  nod  op  -J0ij.lt  ion  or  con- 
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In  1869  Tietjon  published  a  paper  entitled  "Uber 
die  Unsicherheit  eirier  Bahribestirajnung  aus  drei  Beobachtungeri, 
wenn  dieselben  geoce  rtrisch  nahe  in  einera  grosaten  Kreise 
liegeTi".  Hie  conclusions  concerning  the  alternative  conditions 
whioh  accompany  great  circle  notion  are  practically  identical 
with  those  of  Hansen.  He  discusses  in  some  deto.il  the  second; 
i.e.  where  K  -  1/3  (  GM  (i  ^  Qi) 

K  »  longitude  of  ascending  node  of  great  circle 
through  geocentric  positions. 

GiO^O,*"  longitudes  of  sun  on  the  three  dates. 

The  following  relation  if*  nhown  to  hold  at  such  a  time. 

-$fc  XJ^  Ud  ,   1?,  A>-  (  0,  -  JR)J 
where  p  10  parameter  of  orbit 

u  is  argument  of  latitude. 

Further  he  gives  an  example,  the  planet  Phocaea  whioh  fulfilled 
these  conditions  near  May  8.6,  1853. 

A  study  of  the  equation  above  shows  it  rau£?t  hold 
when  tho  body  is  near  both  opposition  and  one  of  its  nodes. 
If  r  y  R0  it  cannot  hold^for  u  near  90°  and  270*  since  then 
sin(00-Jt  )  would  become  greater  than  unity.  In  general  it 
will  hold  for  small  values  of  u  not  far  from  opposition. 

Klinkerfues-Buchholtz:  An  interesting  discussion 
is  given  concerning  tho  loop  case  in  the  geocentric  motion 
of  a  planet  or  comet.  On  the  surface  this  appears  indeterminate 
since  tho  position  of  the  great  circle  through  the  two  outer 

places  is  indeterminate.  He  proves  the  following  theorem: 
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A  great  circle  Joining  any  intermediate  point  on  the  loop  to 
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deduoed  tt1     ../rinoiple*     -'o  know  that  If  a  great  circle 

through  tho  fir  third  ^oooentrio  placet*  divides  the  oolen- 

tial  aphere  into  two  vurtct  the  middle  po»iti<>. .     ilX  lio  oii  tho 
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on  the  rjaiuo  or  o?i  o  to  half  splioroa  or  allov/i*^  tho  threo 
pocitione  to  lie  on  the  earae  great  olrolo«  Hov;ever  Lambert  ve 
prinoiple  i-i  ro  an  indet  n  result  "but  i;«ver  a  false 

oj.o,  ',e  reeiilt   if?  indicated  "by  tho  feet  that 

three  #ordt  1.0^8  ^,d  tho  mm  all  lie  on  tho  »mo  great  oirolo 
thi*3  in  v;h,*\t  nnist  hold  in  this  inntrnee*     An  approxinato 
uie  of  r^  oayi  "be  foian<U 

This  theoren  o2lEMfllthat  if  -vo  T?iah  we  oo^ild  ooneidor 
the  looi>  oaso  an  r  Bpeeinl  totnno*  lotion  3L  oirelo 
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5io  at  ^  f  n  is  in^  I     >to  -  contract  thiw  with  XLJb 

fueo  -  "but  that  tho  6<j,uati07!8  for  p^  and  pg  ctill  remain*     W0n 
the  stirfaoe,'*  he  eaya,   "the  or>>it  does  not  hero  appear  indeter- 


rainate  "because  its  determination  oould  be  made  independent 
of  TO  through  transformations".  He  dismisses  it  with  the 
remark  that  in  general  the  case  can  "be  avoided  "by  a  proper 
choice  of  the  observations. 

He  considers  great  circle  motion  tinder  two  headings. 
(1)  The  great  circle  does  not  pass  through  the  middle  position 
of  the  sun*  Here  r2  •»  %  and  the  problem  is  easily  solved. 
(£)  The  sun  lies  on  the  same  great  circle  as  the  three  geo- 
centric positions*  He  brings  out  the  fret  that  since  ~  •-  yh 

*  w 

if  the  time  intervals  are  unequal  rg  «  R£.  3?his  is  evident 
from  the  expansions  of  the  ratios  of  the  triangles  in  terms 
of  the  time,  if  it  is  possible  to  neglect  terms  of  the  higher 
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If  now  &,  -^  9-0  and  it  is  possible  to  /.eglect  terms  of  the 
third  and  higher  order  r2  must  equal  Hg« 

If  the  time  intervals  however  are  even  the  orbit 
remains  indeterminate,  "eiss  makes  the  statement  that  when 

rE  \  %  ^e  motion  does  not  lie  in  a  great  circle  but  in  a 

£ 

curve  v/hich  has  a  point  of  inflexion  at  the  middle  pla.te  and 
that  this  point  lies  in  the  line  connecting  the  first  and 
third  observations.  This  can  evidently  occur  only  under  rare 
circumstances. 
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His  G  cm  elusion  is  that  the  "body  can  only  and  must 
move  only  in  a  great   circle  when  r2     =  Rg  nearly.     When  it 
is  impossible  to  determine  the  elements  from  three  observations 
without   restriction  as  to   the   excentricity   it   is   still  possible 
to  determine  the  ratios  of  the  geocentric  distances  vith  con- 
siderable accuracy. 

In  another  article  he  discusser  Gibers'   parabolic 
method  and  determines  the  most   exact  value  possible  of  II  (ratio 
of  p^  to  pg)    in  the  exceptional  case. 

In  paragraph  100  of  his  "Bahnber>tiranungn  Bauschinger 
discusses  the  "Ausnahraefalle"  v/ith  much  the  same  conclusions 
as  Gauss*      In  the  loop  case  he  speaks  o:"  the  fact  that  while 
pg  can  "be  determined,   p^  and  pg  only  appear  in  the  combination 
n,  *i  ^  **>(**  i   •      £his   is   apparent  for  if  the  values  c<\  -  ^  f  ft*-  fla 
are  substituted  in  the  equations 
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are  direction  cosines,  their  velocities  and  accelerations) 
the  curve  crosses  the  tangent  great  circle  or  there  is  a  point 
of  inflexion  in  the  apparent  orbit.  Evidently  when  ouch  a 
point  of  inflexion  occurs  either  the  comet  reaches  the  same 
distance  from  the  sun  as  the  earth  or  the  great  circle  v;hioh 
touches  the  orbit  passes  through  the  position  of  the  sun  at 
the  middle  date. 

In  his  paper  on  the  "General  Applicability  of  the 
Short  Method"  Leuschner  draws  the  following  conclusions  about 
the  indeterminate  cases  from  a  consideration  of  the  relations 
existing  anonc  the  differential  corrections. 

(1)  Since  the  coefficient  of  5  30  is  independent  of 
the  solar  coordinates  the  constar.ts  may  be  corrected  differ- 
entially even  if  the  body  is  in  conjunction  or  opposition  and 
near  its  node.   In  this  case  alro  a  first  approximation  to  the 
constants  is  derivable  in  a  simpler  raaxmer  than  ordinarily, 

(2)  The  coincidence  of  the  first  and  third  places 
does  not  necessarily  make  the  solution  indeterminate, 

(3)  When  the  observations  lie  in  a  great  circle  the 
solution  becomes  indeterminate  only  if  three  other  conditions 
are  fulfilled, 

(a)  When  the  intervals  are  ec^ual, 

(b)  When  the  third  powers  of  the  intervals  mul- 
tiplied by  the  solar  epn&tant  K  are  numerically  ineffective, 

(c)  When  the  heliocentric  distances  are  compar- 
atively largo. 

In  this  case,  which  cfun  occur  only  v/ith  vory  short 
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intervals,  the  coefficient  of  3  f>o  becomes  zero  or  nearly  so. 

Moult on  draws  the  following  conclusions  in  his 
paper  in  the  Astronomical  Journal: 


\7hen  t he  de t  e r  dnant  A  <. 

•^^i 


>. 


vanishes, 


v,  **  h 

i.e.  the  three  apparent  £>ositions  lie  on  the  arc  of  a  great 
circle  r^  and  pg  can  still  "be  found  if  the  quantities  K  and 
a)  are  large  as  compared  with  the  neglected  terns  of  higher 
order.  An  examination  of  these  quantities  shows  that  they 
are  very  snail  in  the  case  where  the  mm  lies  on  or  near  the 
sane  great  circle  so  the  result  does  not  apply  in  th.x     tance. 
If  the  apparent  positions  of  the  observed  body  are 

clvtOJUiJ 

the  sam«  at  t^  and  tg  the  problem  is  in  general  not  indetermi- 
nate, he  states.  JSach  of  the  determinants  contains  as  a  factor 
the  sine  of  tho  on~lo  between  f^     pg.  After  this  factor 
is  removed  the  determinants  will  not  in  general  be  zero  and 
rp  can  b©  found  as  before.  "In  general  it  is  not  only  not 

&  u9Juft« 

fatal  if  the  three  observed  positions  lie  in  a  great  circle 
but  they  may  even  be  identical." 

ioyer  (Bulletin  Astroiiomique,  1917)  comes  to 

much  the  sarae  conclusion.  He  states  that  since  the  directions 
of  the  BUU  arc  necessarily  distinct  there  can  only  be  an  inde- 
terraination  of  the  first  order  and  that  only  in  the  case  where 
these  directions  lie  in  the  same  plane  as  the  single  direction 
of  the  planet.  So  that  even  if  all  three  directions  coincided 
it  would  still  be  possible  to  have  a  solution. 
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Araong  the  articles   arid  "books  o  on  suited  which  con- 
tained no  new  or  additional  information  on  this  subject  were 
,the  following: 

Sisserand  -  Leoons  sur  la  determination  des  orbit es.   1899. 
Picard  -  Galoul  des  Orbitas  et  des  Kphemerides.   1913 
Fabrltuis:   Uber  den  Fall  des  ^rosoton  ICreises  "bei  Bahnbestiimaung 
ans  drei  beobachtoten  Ortor.     Astronomic  ohe  raohrich- 
ten.   1880. 
Harzer:   ITber  eirie  all{;emeine  Ilethode  der  B^ihn"bep>tiranung. 

Astronoraisohe  ^aohriohten.   1896. 
GribTos;   On  the  detorraiiiation  of  elliptio  orbits  froia  3  complete 

observations.     Memoirs  of  the  rational  Academy  of  Sciences, 
Vol.   IV,    2.   p. 79. 

Prisohauf :   Die  Gauss-Gibbsohe  Methode  der  Bahnbentiraiming. 
Goddington:   Die  Bestimrmng  der  Bahn  eines  kleinen  Plrmeton  ans 

drei  Beobachtiirtgon. 
Gharller:   Die  Analytische  Los  wig  des  Bahnbostimranngs-probleiase 

LundMeddelanderi.Eo.   45,   46,    47,    (1911), 

Poincare;   Sur  la  deterraination  des  orbites  par  la  niethode  de 
Laplace.   Bulletin  Astronoraique  B3*    (1906)  r^0  path 
Cohn:  Knue  liethoden  der  Bahnbestiraraung.     Vierteljahrschrift 
der  Astronomischen  Geoellschaft. 
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14. 

GRKA2  CIRCLE  HOTIOJU 
Bruns  has  shown  that  the  determinant 

-re  k  ir;  the  geodetic  curvature  of  the  apparent  oribt  or.  the 
sphere  and  V  the  velocity  in  thi»  orbit  at  the  point     \\}/^/>j 
From  this  we  can  see  that  the  determinant  can  vanish  if  either: 

(1)    V  *=  0,   the  apparent  geocentric  velocity  is  zero, 
which  corresponds  either  to  the  loop  case  or  to  motion  in  the 
line  of  sight, 

or(2)  k  «  0,   the  apparent  curvature  is  zero.     This  will 
be  true  if  the  body  moves  in  a  great   circle  or  if  there   is  a 
point  of  inflexion  at   the  middle  date. 

Moulton  haa  nhown  that  it   is  i  possible  for  a  cornet 
or  planet  to  continue  to  move  in  any  other  great   circle  than 
the  ecliptic  and  this,   of  course,   only  when  the  plane  of  the 
orbit  coincides  with  the  ecliptic.      In  such  a  oase  four  obser- 
vations are  needed  to  make  the  problem  determinate^e  indeternd- 

A  point  of  inflexion  evidently  occurs  when  a  comet fs 
heliocentric  distance  changes  from  one  greater  than  the  earth's 
to  one  less   (   or  vice  versa)    since  then  the  geocentric  path 
changes  from  convex  to  concave   (   or  vice  versa). 


We  have  already  seen  that  when  (/  \  \ 


0  one  of  two 


circumstances  must  also  hold;  either  r  »  R  or  the  great  circle 
which  touches  the  apparent  orbit  passes  through  the  middle 
position  of  the  sun.  In. practice,  which  of  these  is  more  likely 
to  occur?  Judging  from  the  results  obtained  from  using  Leusohner's 
short  method,  it  seems  to  be  the  former,  for  oometn.   <7hen  we 
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15. 


examine  a  little  closer  we  find  that  this  is  what  would  "be  expect 
ed.   The  oases  exactly  fulfilling  the  second  set  of  conditions 
must  of  .necessity  he  very  few.  Where  the  conditions  are  only 
approximately  fulfilled,  the  auxiliary  -ua^tities  used  in  the 

determination  of  p  may  "be  small  "but  bei)ig  perfectly  definite 

& 

in  value  the  problem  can  he  solved  without  further  difficulty. 

In  the  case  of  minor  planets  it  is  obvious  that  since 
r  can  never  eciual  R  great  circle  motion  is  indeterminate  in  the 
oase  of  elliptic  motion  unless  more  than  three  observations  are 
used,   -vith  parabolic  motion  the  problem  cafi  be  solved  in  either 
event,  either  by  the  substitution  of  the  value  r#  =  Kg  or  by  a 
method  analogous  to  the  exceptional  case  in  Olbers1  method. 

•Vhatever  holds  true  for  the  parabola  where  one  element,  the 

.ivexx  uy  ift  BuU  <5w 

eccentricity, is  given,  also  holds  true  when  any  other  element 

is  known.  Therefore  the  case  of  a  conditioned  solution  for  an 

\ 
ellipse  where  we  have  a  value  for  the  period  oan  be  solved  In 

instances  where  the  ordinary  elliptic  problem  becomes  indetermi- 
nate. 
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16. 

THREE  OBSERVATIONS  LIE  Oil    A  GREAT  CIRCLE  PASS  III  G  THROUGH  TJffS 

IDDLE  PLAGE  OP  THE  3D!  . 

This  means  that  the  three  geocentric  lines  of  sight 
lie  in  a  plane  which  also  contains  the  line  joining  the  sun  and 
the  earth  at  the  date  of  the  middle  observation.  Evidently, 
therefore,  the  earth  is  in  or  near  the  plane  of  the  planet  or 
comet's  orbit  at  that  date.  In  order  that  this  condition  should 
hold  very  exactly  either  the  planet  moves  in  the  plane  of  the 
ecliptic  or  the  time  intervals  are  so  short  that  the  arc  of  the 
earth's  orbit  would  be  an  infinitesimal  from  which  the  four  lines 
of  Bight  _( three  to  planet,  one  to  sun)  radiate,  all  lying  in  one 
plane*   If  the  earth  were  exactly  in  the  plane  of  the  orbit  at 
the  middle  date  the  longitude  of  its  ascending  or  descending 
node  would  be  given  by  the  longitude  of  the  sun  at  that  date 
and  the  inclination  of  the  orbit  could  be  readily  derived  from 
the  values  of  the  observed  latitudes.  In  practice  this  would 
only  be  very  approximately  true  as  is  evident  from  a  considera- 
tion of  the  three  exceptional  oases  cited  by  "Teise, 

Hame  of  Comet     Lo      Long,  of  Ascending  Fode  i  «     Indi- 
an to,  "kfr  P*- —     nat  ion 

1869  III      108  «          293°  20°  7° 

1877  V       169°         184°          154°         116  • 
1886  III       26°          204°  67°          69° 

Cayley  in  his  paper  on  the  Geometrical  Determination 
of  the  Orbit  of  a  Planet  from  Three  Observations  states  that 
the  problem  is  only  indeterminate  if  the  plane  of  the  orbit  con- 
tains one  of  the  three  rays  -  or  lines  of  sight.   Since  the 
intersection  of  the  plane  of  the  orbit  with  this  ray  is  no  longer 
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IV. 

a  determinate  point  there  corresponds  to  eaoh  point  selected 
at  pleasure  a, detorminate  orbit. 

Evidently  this  is  ouch  a  case  and  from  the  geometrical 
conditions  we  would  expect  the  problem  to  he  indeterminate. 
However  it  is  not  so  in  the  case  of  paraholio  motion.  This  is 
due  to  the  fact  that  in  the  parahola  we  have  one  less  element 
to  "be  found  so  it  is  not  necessary  that  the  point  on  the  middle 
ray  he  determinate. 


2.  r       2 


case  the  determinants  to  all  have  idc 
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GKOCi&TRIC  POSITIOluS   COINCIDE 


This  means  that  as  seen  from  the  earth  the  planet  or 
comet  describes  a  loop  or  knot  with  the  first  and  third  positions 
coinciding  at  the  nodal  point,  the  middle  observation  lying 
somewhere  on  the  loop  itself.  In  order  that  the  frvo  positions 
shall  appear  to  coincide  it  is  evidently  r.eceosary  that  the  lines 
of  Bight  at  the  dates  of  the  first  and  t&ird  observations  should 
be  parallel. 

The  ordinary  equations  for  determining  pg,  whether  in 

the  Laplaoian  or  in  the  Gaussian  methods  break  down  and  assume 

0 
the  indeterminate  form  15  .  For  example  in  the  Gaussian  method 

wa  have  the  equation: 


r 


where 


x  ?' ii  \  ji  v-  y 

*  ^    H       2/V     Y*    AM 

*  2,    '*   I  /  ^     2,     /,  I 


Evidently  in  t  lis  case  tlie  deterrninants  to  all  have  identical 
columns  and  therefore  vanish.      In  the  Laplacian  method  if  the 
middle  date  is  at   the  turning  point   of  the  loop  the  velocities 
of  the  direction  cosines  must  be  zero  and  therefore  this  deter- 
minant must  vojiish 
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19. 

The  material  that  has  "been  written  o?,  this  case  is 
conflicting.   (JauBs  states  that  r2  con  "be  obtained  "but  the 
positions  of  the  fir?~t  and  third  places  remain  arbitraryr 
subject  only  to  the  condition  that  they  lie  in  the  name  plane 
as  the  second.  Hanson  and  Bausohinger  oorae  to  much  the  same 
oonolus  ion. 

On  the  other  hand  we  have  Weiss,  Mo nit on,  raid 
Aridoyer  stating  that  the  problem  is  not  indeterminate.  Weiss 
merely  states  that  while  r^  io  indeterminate  the  equations  for 
pi  ad  p^  still  remain.  According  to  Houston  the  problem  is 
indeterminate  due  to  the  fact  that  each  determinant  contains 
as  a  factor  the  sine  of  the  angle  between  p^  and  pg.  This  fact 
is  also  noted  by  Bauschinger.  Houlton  goes  on  to  say  that  after 
this  factor  is  removed  the  determinants  will  not  in  general  be 
zero.  Andoyer  claims  that  even  if  all  the  directions  were  to 
coincide  one  could  still  obtain  throe  equations  among  the  geo- 
centric distances  and  the  observed  quantities  and  finish  as 

before* 

0 
A  study  of  the   equations  given  by  these  different 

writers  fails  to   show  how  they  can  be  solved  under  these  cir- 
cumstances.     Unless  wome  method  not   suggested  in  these  papers 
is  devised  for  transforming  the  equations  there  seems  to  be 
present   an  indetermination  of  the  first  order.     D?hat   is,   while 
we  are  able  to   obtain  p2  we  can  get  p-^  and  p3  only  in  the 
combination  . 

If  we  examine  Leuschner's  equation  for     £T  <o  '  G 
(the  projected  distance,    its  velocity  and  acceleration)   under 
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20. 
the  conditions  a1  «  S1   «  0  we  have  as  follows 


We  can  find  the  value  of  to  from  the  second  of  these  equations 
but  b  '  does  not  appear  at  ell. 

Professor  Leuschner  suggests  a  method  of  solution  in 
this  case  by  combination  with  the  equations  obtained  in  the 
other  method.  7e  have  there: 

We  can  also  write  by  Taylor's  series: 


Substituting  in  these  values  we  have          2 
(.1,  ^-^       <h4  0  i*  »3  ft\  V 


which  is  an  equation  in  the  single  unknown  p  sirice  we  can  obtain 
values  of  p2  and  pg  from  the  usual  equations.  lay 

jiff  eine'v  it  ^b^-' 

-I; 
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Olbers1  Werke,  Volume  II  P.  279. 

Gauss:  Theoria  Motus. Translation  "by  Davis*  P.  229 

OBI 

Hansen:  Uber  die  Bestimraung  der  Bahn  eines  Himraelskorpers. 

Ostwald's  Klassiker.  $0.  141. 
Oppolzer:  Lehrbuch  zur  Bahnbeetiramung  der  Kometen  und  Planet en. 

1870.  P.  375. 

Watson:   Theoretical  Astronomy.  1868.   Chapter  IV. 
Tietjen:   ITber  die  Unsicherheit  einor  Bahnbestiramung  aus  drei 
Beobachtungen  wenn  diesel'ben  geooentrisoh  nahe  in 
«inen  grossten  Kreise  lie  gen.     ABtronomisohe  Ilachrichten. 
Ho.    1751.    Vol.    75.   P.    353. 

Klinkerfues-Buckholz:   Theoretivsche  Astronomie.   1871.   P.   336. 
Weiss:   U"ber  die  Bestimraung  der  Bahn  eines  Hiromelskorpere  aus 

drei  Beo"baohtungen.  P.    362.   Denkschufte*  Akaderaie.   Wien. 
Vol.    60.   1893. 

tfber  die  Bestiraraung  von  M  bei  Olbers  Hethode  der 
Berechnung  einer  Koraetenbahn,   rait  beaonderer  Ruoksioht 
auf  den  Ausknahmefrll,    3itzungsheriche  der  K.K.   Aftaderaie. 
Wien.    II  P.   1456. 

Bausohiafror:  Die  Bahnbestiramung  der  Hiramelekorpers.  Paragraph  100. 
Plumper:  Dynamical  Astronomy,   P.   81. 
Leuschner:   On  the  General  Applicability  of  the  Short  Method. 

Popular  Astronomy.  V.  126.  1905  P.  296. 
Houlton:  Memoir  on  the  Theory  of  Determining  Orbits.  Astronomical 

o 

Journal.   Vol.   XXVIII     Feb.   27,   1914 

Andoyer:  Sur  la  Determination  d'une  Orbite  Keplerienne  par  trois 
Observations  Rapprocheee.  Bulletin  Astronorniciue.  Volume 
XXXIV.  1917.  P.  36. 
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CLASSIFICATION  OP  CASKS  FOB  '.THIGH  »  BECOMES  ZERO. 
In  Leusohnar1  short  method  thd  projected  geocentric 


distance   (     Ox  o^^         )    is  given  by  the  equation. 


4   **» 

Let  us  now  examine  the  oases  where  the  denominator 
vanishes  and  determine  their  georaetricrO.  meaning. 

From  analogy  with  other  methods  we  should  expect  it 
to  vanish  as  a  whole  if  the  three  observations  lie  on  &  great 
circle.  This  can  be  very  easily  shown:  In  that  case 


Differentiating  and  remembering  that 
i  and  H  are  constants 


' 

If  now  we  substitute  these  values  into  K  we  have: 


' 


Therefore  r*   vajiii^hes  when  the  three  positions  lie 
on  a  great  circle, 

Considering  next  the  cases  where  F   is   zero  because 
the  separate  terms  are  zero  there  are  seen  to  be  simply  four 

oases. 

(1)      cOS  ifea 

(8)        ^'=   *Vc 
(3)         °^    n'^  J'-.o 


(M. 


ew  If  c- 
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Of  course,  under  any  one  of  those  cases  there  will  arise  others 
where  additional  factors  are  also  zero.   These,  however,  will 
not  "be  essentially  different  from  the  four  types  above  "but  will 
"be  merely  more  complicated,  involving  additional  conditions* 
They  will  be  considered  in  a  "brief  manner  under  the  four  oases. 

CASK  I   of. '-  £  *  o 

Shis  will  mean  that  the  geocentric  path  of  the  comet 

or  planet  has  a  turning  point   at  the  riiddle  date,   or  has  des- 

III  on   fchft    * 
oribed  a  loop.     If  the  time   intervals  are  equal   oC,  =  <*3    /O'z 

and  the  first  and  third  positions  coincide. 

o»  I  arc 

If  in  addition  °o  is  zero  the  loop  is  tangent  to  the 

equator  at  the  middle  date. 

0" 
She  additional  condition    J0  IB  aero  would  imply  that 

there  was  no  motion  in  declination  or  the  "body  moves  in  a  par- 
allel of  declination,  having  a  turning  point  at  the  middle  date. 

ho  o 
This  woiild  seem  an  extremely  unlikely  occurrence  -  though  theo- 

he  fora* 
retioally  possible. 

CASE  II         oC«'»  <XV'=  0 

The  motion  is  in  en  hour  circle  and  this  ie  therefore 
a  case  of  great  circle  motion. 

If  o«  is  in  addition  zero  there  is  a  turning  point  at 

the  middle  date  and  the  first  end  third  positions  nearly,  if 

bed  a  1«; 
not  exactly,  coincide. 

0      '     " 

CASE  III       dd  •-  do  s  <5d  c  o 

In  this  case  the  motion  is  necessarily  ir  the  equator. 
CASE  IV    cC'= 

The  apparent  motion  of  the  body  is  uniform,  crossing 
the  equator  at  the  middle  dato.   If  the  intervals  are  equal 
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this  is  great  circle  motion* 
o"*  0   .',    oC. 


For  pass  a  great  circle  through  the  first  and  second  positions, 

also  one  through  the  second  and  third  positions.   In  order  to 

prove  that  all  three  positions  lie  on  the  same  great  circle  it 
is  only  necesnary  to  prove  that  i-^  i 


Drop  _J^  from  I  and  III  on  the 
equator.  The  right  spherical  £ 
I All  and  IIBIII  are  equal, 
IA  «  Bill  since  5-^  »  -Bg 
All  «  IIB   "   cfa-oC,  *  cCj-oO* 
in=  ia  and  we  have  great  circle  motion, 

JL    o 

We  see  tliat  of  these  four  oases  where  F  vanishes  one 
occurs  when  the  geocerrtrio  motion  forms  a  loop,  the  other  three 
when  the  motion  is  in  a  great  circle.  In  the  former  case  we 
would  expect  that  the  numerator  would  also  "be  zero, 
LOOP  CASE 

The  expression  for  the  numerator  is  as  follows: 


Evidently  this  also  vanishes  when  o(V*  d!  i  -  o  whioh  was  the  • 


condition  that  the  planet  or  comet  described  a  loop.  We  have 

0 
then  in  this  case  the  expression  6  »  £F. 


0m 

>6T  8    I 


•      • 

ovarf  e?/     *q;ooX  a 


i'   n 


. 


£ 


0 


HOTIQR  IF  A  GHj'lA'C  CIRCLE  PAS3IEG  THROUGH  THE  MIDDLE  POSITION 

0?  !?HB  SUB. 


It  would  "be  interesting  to   see  whether  in  Leuschrerfs 

0 
method  also       assumes  the  indeterminate  form  H", 

Suppose  the  plane  of  reference  is  the  plane  of  the 
equator,      (It  can  "bo  shown  also  raore  easily  to  hold  when  the 

ecliptic  is  the  plane  of   reference,) 

•-foi 


0, 


Differentiating  the  second  equation  so  as  to  find 
the  velocities  and  accelerations  at   the  middle  date 


Substituting  in  the  value  of  tan   /"from  the  second  equation 


»-  K) 


If  we  now  substitute  this  exx^ression  in  the  numerator 
and  denominator  of  the  value  of  6*. 
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25. 


we  have  for  the  numerator 


0-*)-  -^i^jiJ  ) 

^(^H 

- 


0*--  -  * 

' 


for  the  denominator 


therefore  in  this   os.ee  also  Lousohner's  method  assumes  the 

form  3. 

the  mi  ddle  ptte 

;ore  o'beerrst 


'Jo 


26. 
CONCLUSION. 

The  orbit  problem  in  the  case  of  parabolic  notion 
then  appears  to  be  fully  determinate  under  any  of  the  circum- 
stances discussed  above.  This  is  due  to  the  foot  that  in 
that  case  we  have  five  elements  to  be  determined  from  the  six 
quantities  given  by  observation.  With  elliptic  motion,  however, 
this  is  not  always  true:  The  loop  case  can  be  avoided  as  we 
have  seen  before  by  the  suggested  method  of  Professor  Leuschrier's. 
But  the  case  of  great  circle  motion  through  the  middle  position 
of  the  sun  seems  to  be  geometrically  indeterminate  and  therefore 
requires  more  observations* 


;cf  91  or 

:        ' 
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